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Similarity solutions of cylindrical cavity expansion based on SMP criterion
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Abstract: On the basis of the cylindrical cavity expansion theory, the concept of expansion velocity is introduced into the theory. The
movement of the plastic boundary b is taken as the scale of “time” and the stress/strain of any point in the expansion body are
described as the functions of the plastic boundary b and the current radius . By using the spatially mobilized plane (SMP) theory of
cohesionless soils in the plane strain condition, non-associated flow rule and considering cohesionless soils’ shear dilation, the
similarity solution of limit pressure £, is obtained. Meanwhile, the parametric study indicates that the influence of strength and
shear dilation on the limit pressure and plastic zone radius is remarkable. With the increase of strength and shear dilation the limit
pressure increases greatly while the plastic zone radius decreases. A comparative analysis shows that the limit pressure calculated
from the SMP criterion which includes the effect of intermediate principal stress is obviously greater than that from the solutions
based on Mohr-Coulomb criterion. The proposed solutions provide some theoretical bases for geotechnical engineering practices in

cohesionless soils, such as cone penetration tests (CPT), jacked piles, and so on.
Key words: cylindrical cavity expansion; spatially mobilized plane (SMP) criterion; shear dilation; limit pressure
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Fig.1 Sketch of cylindrical cavity expansion

3 FEARTTRE MR

31 EATE
FEALY TR A P 5 AR
oo, L0, =0

Fra—

=0 QP

R o, o, SN LR AR
U RE

__du,
dr 2
ur
g, =——L
;
K e v g, AR NARFIR R VAR u, iR
EENZZ N

SRPERY - AR RN

1-v* Y
g = o, ——0,
E 1-v

1-v* Y
&g, = c,——O
0 E ( 0 1—V rj

X E O BARSRPERGE ;v AL T,
ST RN F R LI SMP i AR

(3)

‘;\
o, 1 >
—=R, :Z(ql8tan o+9+

Oy
2
\/8tan2(p+6—2\/8tan2go+9 —lj

Rofre ROV PHA A F TN,
NhzZ s o A AR =R AR A NI RS .

INWARURE 2L
o.(a)=p } (5)

Gr :po(r_>°°)

K py BRI RILE N J]
3.2 AR
3.2.1 BRPE R

5K s JIARZINEE,  /INFLE B Ak
H-WARRZS, H (1) ~ (3) BHHPEX N
KA A

€y,

2
6,=po+(p—po)(%j (6
a 2
Ge:po_(p_po)(7j D
_ 2
ur:p po(gjr (3)
2G \r

A G oAARMBI DI

YK S AN K, FL 0 2k AT UG J R
AU B A DORTEPE D Cln el 1), Bt 3
AV FAL AR A b, BEZ AR R A T Hs g A



55

XI55 ST SMP AENIAEFLY 7K i) U AU 1377

By sk p,, B (6). (7D M (4D KA p,

H

_ZRpspO

Py = 1+R, )

B (9) KA (6) ~ (8), Rty

FRALAE A b IS B XA SPE X AR ] BA ) Y.

LAz RS, BEINARIA N ) p AIGEE IS TT p, > 4200

At a NIRIETEAZ AR b, WL (60 ~ (8)
FHIAZ Ay

b 2
Gr:p0+(py_p0)(;j (10
b 2
Ge:po_(py_po)(7j (1D
py—po(bY
u, =— Po(_j r 12
2G r

3.2.2 FAVEIX WY )R
P R (1) F1 SMP s IRAENR (4) 75

1—R o,
9, , LA (13)
or r
il 2 15
1
—1
Gr:Kr[R’” ] (14)

X K BN HEL R0 I 4 I 2
Pk A (9 AL (14D, W HEK

2R
k=— b (15)

(1+R, )b[’;ps_lj

¥l (15 AKX (14) B HEX RN ) o,
A

(16)

o, = ZRP_SpO(bj[I_RL]

Rps +1\r

FEALEELL, Ff o, (a)= p AAK (16), 17

2:[—(&5“)”}%4 (a7

a ZRPS )2

3.2.3 X AR A BT
TE RSB DX (1) AR A 48 AT P S P AR
ARSI SR N AR PR 3o SRR R FHAEAE O
B shik, AN
&__ 1L (18
& B

A BB R 0 i M AT %
ARILHT SMP it e«

B :%(\/8tan2y/ +9 +

19
2
\/8tan21//+6—2\/8tan21//+9—1j
Arfe w N BARIBTIKA
XK
e ap
& S T E 20)
E, =&, +&)
e (200 ARAL (18D, 1%
pde, +de, = pde; +dg, Q2D

H BB L Je Al — SO S B e e e R X (4D 45

idar + 2 do, =0 22)
oo, oo,

{9 Jas, =1, of [oo, =R, FHARNI (22)
2
do, =R do, (23)
¥ 3. (23) A 2D, PG
- v 1 pv
de +ds, = - 1-2=—1ld
pde, +dz, E Kﬁ 1—VJ+R ( 1—vj:| o

ps

(24)
J it 24, 4

IV v ) L By
¢ E Kﬁ 1_VJ+RPS(1 1_vﬂ (25)

M=t (24) A5

de + 50 _C 45 (26)
B B

EES R SR {IVANE 1 SO W L B 2R E Rt i) (=R
b AR RIS R PR A WA . B, WTRLA b A
Ay I 1) 220 88 S 5 B Rz 3™ 1, s SUHIRT IR E v
LIBPED AR AT MR db I, DL R
FEAAAN N R du s W du =dr =Vdb » u RRURL
PRI A7 B A MUBPE AR b e E, Rlu=
u(r,b), b A r RIS, X u AR
%

Ou ou Oou ou

dy=—db+—dr=—db+V—db Q7D
ob or ob or

F2 (27 AL du F vdb RN 1Bk iz s



1378 F- R OV B 2012 4
JZoh X nUERHO0 >0,
y __ou/ob (28) EALBEr=a kb, V =dafdb, TRA
1—0ou/or

FHREH, K AN A A b A (FIRREL X

THR—SEm I,
dg = __V g (29)
or or
dg, = __Vdb (30)
r r
do, =[ 9% a4 9% g4y | [ 2% Ly 9% ap (31
ab or b or

do, =[ 990 4y 2% 4| [ 9%, 9% \ap (32)
ab ob

or i
B (29) ~ (32) AR (26) 13

v,V _ (s 0o
or pr p\ ob or

BN it (16) fEASL (33) 15

Z—V+P(r)V o(r)

1, 2nép, (ér
pr Br r

_2anép, (b)Y’
0()=""%, (j

LR, - R,
R, = 1+R,

(33)

(34

)
=

P(r)=

(35

2 (8 B GFRIRPE AT TN L A, Kt (12)
WS SEPE T AR B b Sk S, SRRl A AL
(13 Bk

—-Anp,
- G

I IR A4 X6 — B AE SR e M oy T 2

X (34) HHATRMALS

V., = (36)

Ané p,

_“ 2né p,
&_n( B j D+ﬁ+Mﬂn+U] (38

da [ 2mep(0Y ][e, ()"
e () fen )
—Anp,  [215P0 | 2%
o[ 22202

G
FZIBELTON 0 FLIRTFURY 5K, fEd ks 0 1E
MF, BB EA LA, Lk m s
PEX At R FE A . ]I
da_a
db b
¥k (40) AR (39) AI2ET a/b M7 FE

W

o 52 e
{—lgpo exp[zngpo j - ,;B" } (Sj;}

¥l (40 SR a/b RN (17) W14
ALY KRR 7K D) B,

P _2Rpy (b R
fim R, +1\a

4 Wt

B 25 1) [ 1 1 38 ST T & M 52 BT 4R 355
T T p, EF, p, = 100 kPa, F-[satERE E =
26 MPa, E/p, =260, J_E/J/EW\HSV 0.3, PIEEHE
o Ak 25° L 30° . 35° AN B K
w230 0° L 10° L 20° L 30° , AT EMe
B, FHNECBLL w (R, 28R AR By
PR B PR 5K fr g, LA S e My (8, %
FELRE LANF SRR (RSO FE N B A1 @
(IS XM X AR SN AR 2 Wb/ a i)
BRA 5K 50, RIS SMP vE IR 2 5 5
IR—PEUEN SR A &5 FEAT LA HT

Bl 2~4 Zpolgath T BIMRA  ERE A AR A0 0

B,/ B (P52 LK N R IR A AR b/ a TR
KIS 25t T T SMP HEN 5 B 7R - HE AR B4
ik IR E R b

(39

(40>

410

(42)



55

XI55 ST SMP AENIAEFLY 7K i) U AU 1379

0 5 10 15 20 25 30
w/()
&2 BIBKAIZRST py, / p, FIREW
Fig.2 Variations of p, /p, with dilatancy angle

—v—y=30°

—A—y=20°
—o—y=10°
—a—y=0° /

/(")
B3 EEANRNS p,,,/ p, KW

Fig.3 Variations of p, /p, with friction angle

ER —v—y=30°
—a—y=20°
30 —o—y=10°
\ ——y=0°
s B ‘r\‘ \
= T
20 _
q
15 :\‘_\—o\.
10 .—\I\.\.
5
25 30 35 40

0/C)
B4 FEEMEZRNI b/ a B

Fig.4 Variations of b/a with friction angle

26 T —a—p=40°, 5T SMP #ENl
24 |F—v—p=40°, FETBEIR-FECHEN
2y L—E—p=30°, 2T SMP )l

:4—¢:3w;%$@ﬁHE@@gL/A

Piim / po

0 5 10 15 20 25 30
wi(®)
B 5 ZT SMP #EN 5 R- B HEMIARERY 3K BT LE
Fig.5 Comparison of limit pressures by using SMP
criterion and Mohr-Coulomb criterion

ML 2 TR Y, 4 ) & T FR bR — e 1
BEAE T BT AR, JRRP ) SRR RE R,
TCEEME 2R LY 5K BT 7 (A SR 7k 0 B B IIK AR
w s MK 3. 4 aTLUEH, §ik ik
(R SR BERAT ALY SRR, BEE S 7k T AR
B CARSCH 2% e A BERE AT @ IR, A 5k T e
AR PR 5K Ty B2 390, AEAH R (R P X A0 B B
242 2 EEENBEZ 98N e INBA 20 M FR AT DL
TCER M A P i E N 5% S B A LA 7R (P AR B 7K
FEAEARRGE M, A5 S FrR TRR N A S 2 axX Fl s
WK 2= A KR 22 S 3 TS, Mo EHESE,
AN P8 AKBIRKCIE Cy = 0° ) 52 BB Clny =
30° ), HARBRY 5K JifE @ 43k 25° L 30° L 35°
40° IS4 HIAHZE 2.10 5. 2.18 15 2.23 £ 411 2.27 155 .
WSS, BT SMP HENZEE T H =N MR
W, 55 B8 IR PR NAH L, Bt el RO B s T e &
WMo 350 30° . 40° , w=30° I}, X/ SMP
YRE D) B A (R B PR AT 5K 0 45 R FH P O - T R U AH EE
R T 6.3%F1 10.8%, 15t W A 328 3 (RS ik
R EEN . RN T TR, 4
BIAE SR E R R L () T IO i TR
A B RS i FE S0 Se b AT b FE g7
B, Pl T REIE W EAERR ), 45A B SR he
D7, P 3 1) AT 6 R HOC B PRt 145 it C
L) JEATHE T .

5 4 @

(1) S AEALY SRR, DL i AR A1 R 11
TEFEEL SMP Y SR, DUEPEIX A0
IR, SINAE ALY SRR S, B2y 7K s A
FLHBEEEX R EY LR e, B 2 R
PRI AL, BT T4 SKAA R AN ] o 2
SRS E XA 5 BN A% 2 L BB 5K )
IUE-A

(2) SR BEIR-E AN S R AT X Ty
BT, ZiREM: FT SMP HE T 21 AR BRY 7K
Jis 3 PRI vt T R IR - P ME N, i T B IR
S HENI PSSR BRI 5K T AR /] o

(3) PFrd s RAES L TR By — %
Bk S TR e RIS TRER A BB
i Pt T e K A 5%, O TR S Bk 8 AR
R B I B RS -

2 % 3 MR

[1] VESIC A S. Expansion of cavities in infinite soil mass[J].
Journal of the Soil Mechanics and Foundations



1380 ES N Y 2012 4F
Division, ASCE, 1972, 98(SM3): 265—290. LI Bo, LUAN Mao-tian. Theoretical analysis of

[2] COOP M R, WROTH C P. Field studies of an expansion of cylindrical cavity based on SMP criterion[J].
instrumented model pile in clay[J]. Geotechnique, 1989, Journal of Dalian University of Technology, 20006,
39(4): 679—696. 46(2): 246—251.

[3] PALMER A C. Undrained plane-strain expansion of a [8] YU H S, CARTER J P. Rigorous similarity solutions for
cylindrical cavity in clay: a simple interpretation of the cavity expansion in cohesive-frictional soils[J]. Inter-
pressuremeter test[J]. Geotechnique, 1972, 22(3): 451— national Journal of Geomechanics, 2002, 2(2): 233 —
457. 258.

[4] SALGADO R, MITCHELL J K, JAMIOLKOWSKI M. [91 2T, WF, i AR AM]. bt AR

(3]

[7]

Cavity expansion and penetration resistance in sands[J].
Journal of Geotechnical and Geoenviromental Engi-
neering, ASCE, 1997, 123(4): 344—354.

CAO L F, TEH C I, CHANG M F. Undrained cavity
expansion in modified Cam clay [ : Theoretical analysis[J].
Geotechnique, 2001, 51(4): 323—334.

VEMSRE, a2, WAR R A B BT K - A vh 2 g KR AR
(R3 LA™ 5K ol AR AT [J]. WYL K2 4R (2%, 2004,
38(7): 909—914.

WANG Peng-cheng, ZHU Xiang-rong. Analysis of cavity
expansion in soil with shear dilation and strain softening
considering large deformation[J]. Journal of Zhejiang
University(Engineering Science), 2004, 38(7): 909 —
914.

2R, . BT SMP RRIRHENIAT IE LA ok in
BB HTI]. KIEBL TR 2244, 2006, 46(2): 246 —
251.

BEE 1374 T

[7]

[10]

(11]

[12]

[13]

WANG J G FANG S S. State space solution of
non-axisymmetric Biot consolidation problem for
multilayered porous media[J]. International Journal of
Engineering Science, 2003, 41(15): 1799—1813.

CHEN S L, ZHANG L M, CHEN L Z. Consolidation of a
finite transversely isotropic soil layer on a rough
impervious base[J]. Journal of Engineering Mechanics,
2005, 131(12): 1279—1290.

Al Z Y, WANG Q S. A new analytical solution to
axisymmetric Biot’t consolidation of a finite soil layer[J].
Applied Mathematics and Mechanics, 2008, 29(12):
1617—1624.

Al Z Y, CHENG Z Y, HAN 1J. State space solution to
three-dimensional consolidation of multi-layered soils[J].
International Journal of Engineering Science, 2008,
46(5): 486—498.

Al Z Y, WU C, HAN J. Transfer matrix solutions for
three-dimensional consolidation of a multi-layered soil
with compressible constituents[J]. International Journal
of Engineering Science, 2008, 46(11): 1111—1119.
BT . A T IRFE b I 2 4 [ 25 - By [ 1 122
F7183C D] BUMH: HHIK, 2008.

WK T, Zatm. AR 80 T lond B bl A 2 25 ) 4

[10]

(11]

[12]

[13]

[14]

[13]

[16]

[17]

[18]

i H AT, 2010.

YU H S, HOULSBY G T. Finite cavity expansion in
dilatant soils: loading analysis[J]. Geotechnique, 1991,
41(2): 173—183.

BOLTON M D. The strength and dilatancy of sands[J].
Geotechnique, 1986, 36(1): 65—78.

CARTER J P, BOOKER J R, YEUNG S K. Cavity
expansion in cohesive frictional soils[J]. Geotechnique,
1986, 36(3): 349—358.

B, SO, SR ARVt 2 R f LI
Wi ¥~ BRTE ALY SRS ST (D). A 0o 5 R o
i, 2007, 26(3F] 2): 4339—4342.

HU Wei, HUANG Yi, LIU Zeng-rong. Elastoplastic
analysis of expansion of hemisphere cavity in unsaturated
soil considering pile driving velocity[J]. Chinese Journal
of Rock Mechanics and Engineering, 2007, 26(Supp.2):
4339—4342.

JHb AL Biot [ 453 4T [0]. & 1015, 2009, 30(8): 2264
—2270.

GENG Xue-yu, CAI Yuan-gian. Axisymmetric Biot
consolidation of a semi-infinite isotropic saturated soil
subjected to time-dependent loadings[J]. Rock and Seil
Mechanics, 2009, 30(8): 2264 —2270.

CAI Y Q, GENG X Y. Consolidation analysis of a
semi-infinite transversely isotropic saturated soil under
general time-varying loadings[J]. Computers and Geo-
technics, 2009, 36(3): 484—492.

BB, TRIRME. XUbR SIS K HAE Biot [H]4h
FocH NI A 0%, 2010, 31(1): 24—30.

XUE Xin-hua, ZHANG Wo-hua. Double scalar variables
damage model and its application to Biot’s consolidation
FEM[J]. Rock and Soil Mechanics, 2010, 31(1): 24—30.
DURBIN F. Numerical inversion of Laplace transform:
improvement and Abita’s
method[J]. The Computer Journal, 1974, 19(9): 371 —
376.

SR AR, TEH TR RICMAM]. JEat: ANRASHE
HiRR AL, 1983.

SRIGRR. AT A TR W7 s 1 S AL B g 43 A [t
SFALRIC D). Y% KK, 2007

an efficient to Dubner



